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Abstract
In this paper, we investigate the zitterbewegung region based on a previous paper
where we had derived equations for particles and antiparticles in the aforesaid region.
Here, we shall introduce a field theoretic approach resorting to the seminal paper of
1954 by Yang-Mills.
1 Introduction
It is well known that Dirac [1] described the Compton length region as one in which
there is a rapid oscillatory motion with regards to the wavefunction - the phenomenon of
zitterbewegung. This rapid oscillation levels out because measurements at a single instant
are meaningless but rather observations are spread over infinitesimal time intervals which
leads to the Compton time (including the Planck time). This is a description from the
wavefunction point of view. But, there is also a description in particle terms which has
been analyzed by Moller [2]. Based on this an inner region- outer region approach was
introduced considering a distance which turns out to be the Compton length [3, 4].
Thus, from either from point of view there is a physical region outside the Compton length
and an ’unphysical’ region within the Compton scale - the zitterbewegung region.
Now, in this paper, we investigate the zitterbewegung region based on a previous paper where
we had derived equations for particles and antiparticles in the aforesaid region. Here, we
shall introduce a field theoretic approach resorting to the seminal paper by Yang-Mills.
In a recent paper [5], we have investigated the zitterbewegun region (I-region) below the
Compton scale in a quantitative manner. Thereby we have found some very interesting
results that are epitomized by equations that take after the Dirac equation. Incidentally,
the aforesaid I-region was characterized by randomness and on account of that we had
obtained the following transformation
∂k → Dk (1a)
∗Email: parbihtih3@gmail.com
†Email: birlasc@gmail.com
1
∂0 → ∂0 +
σ2t
2
∂2k = ∂0 +
σ2t
2
D2k = D0 (1b)
The above transformation of the derivatives was central to the formulation of the new the-
ory apposite to the I-region. Now, in this paper we will develop a field theory pertinent to
the findings of the previous paper. In the second section we derive the conservation law for
the current, pertinent to the particle-antiparticle equations. In the third section we develop
the concept of isomoment that comes into play due to the randomness of the region. In
the fourth section we derive the field equations and the necessary gauge conditions. In the
last section we discuss some other interesting features regarding the particle-antiparticles
emerging from our theory.
2 Current conservation from the particle-antiparticle
equations
Now, based on the transformations given in the preceding section we had modified the Dirac
equation and thereby found two fundamental equations for particles and antiparticles in
the I-region. They are given respectively as
i~Γk∂kψ + mcψ = 0 (2)
and
i~Γ′k∂kψ − mcψ = 0 (3)
where, the gamma matrices Γk and Γ
′
k
are given as
Γk = γk + γ0ζk (4)
and
Γ′k = γk − γ0ζk (5)
where, ζk = τ
−1ξk are 4 × 4 matrices; and the ξ
1
k
and ξ2
k
, τ1 and τ2 being 2 × 2 matrices
constitute the ξk ’s and τ as
ξk =
(
ξ1
k
0
0 ξ2
k
)
(6)
τ =
(
τ1 0
0 τ2
)
(7)
Essentially, through the equations (2) and (3) derived from our considerations one can de-
scribe new particles and their antiparticles that emerge due to the stochastic dynamics in
the I-region. These particles are incidentally massless, when at rest. We had put forward
the ansatz that while in motion the particles and antiparticles acquire mass due to the
2
breakdown of space symmetry on account of the noncommutative nature of spacetime and
the stochastic nature of the I-region. It is only when we consider Ito’s stochastic method-
ology [6, 7] and the randomness of the I-region that we obtain such unorthodox results.
In the previous paper, we had also proposed a new field, namely the zitterbewegung field,
that engenders in the I-region on account of it’s stochastic nature. This force is a confine-
ment like force that traps all the characteristics of the I-region from within. The potential
has been seen to arise from the modified Schrodinger equation given as
− (
~
2
2m
+
i~
2
σ2t )
∂2ψ
∂x2t
+ Vψ = i~
∂ψ
∂t
(8)
where, the potential giving rise to the new confinement force is given by
φ(r) = 4i~πl(l + 1)∆r (9)
This force has been proposed by the authors of this paper as a new force that emerges
from the zitterbewegung region of the below the Compton scale [8, 5]. However, whether
this new force resonates with what A. J. Krasznahorkay et. al. [9] and Jonathan L. Feng
et. al. [10] had found does not follow immediately. Now, before we delve into the field
theoretic approach let us find the differential law of current conservation. We introduce the
hermitian conjugate wave functions ψ† = (ψ∗
1
· · ·ψ∗
4
) and then left multiply equation (2) by
ψ†:
i~ψ†Γk∂kψ + mcψ
†ψ = 0
Then we form the hermitian conjugate of equation (2) and right multiply by ψ:
−i~∂kψ
†Γkψ + mcψ
†ψ = 0
It must be noted that ξk ’s and consequently the Γk ’s don’t depend on the xk ’s explicitly.
So, subtracting the latter equation from the previous one, we have
i~∂k(ψ
†Γkψ) = 0
Or, more precisely we obtain
∂k Jk = 0 (10)
where, Jk = ψ
†Γkψ. In a similar manner, for equation (3) we would obtain
∂k J
′
k = 0 (11)
where, J′
k
= ψ†Γ′
k
ψ. As we can see, that there doesn’t exist a probability density in the
conservation laws (10) and (11). Essentially, we can conclude that the probability density
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vanishes in the I-region. This is another interesting feature that can be attributed to the
stochastic nature of the region. Now, the ξk ’s given in equation (6) are moments defined
as
ξk =
∫
+∞
−∞
xkδ ρ(x
k
δ )dx
k
δ (12)
In analogy with the concept of isospin that is the central idea of the Yang-Mills paper [11],
we term ξ as the isomoment in the sense that a particle and an antiparticle may have the
same moment but on account of the sign in the gamma matrices (4) and (5) they differ in
characteristics. Hence, the terminology ’isomoment’. We consider isomoment gauge as a
way of choosing the orientation of the isomoment axes at all spacetime points below the
Compton scale in the zitterbewegung region, in analogy with the electromagnetic gauge
and the isotopic gauge. In accordance with the complexification that was remarked upon
in the previous paper, this gauge transformation can be discerned as an arbitrary way of
choosing the complex phase factor for the isomoment field at all space points in the I-region.
3 Isomoment gauge transformation
Now, the transformation of a field is a central idea in field theory and in this case, consid-
ering an isomoment space, we will see that there are subtle differences from the existing
theories. Let us consider ψ to be a two-component wave function describing a field with
isomoment ξ. Then, under an isomoment gauge transformation it transforms as
ψ = Mψ′ (13)
in accordance with
ψ → ψ′
where M represents a space-time dependent isomoment. M is a 2 × 2 unitary matrix with
determinant unity. Now, in analogy with the electromagnetic and the isospin case, we have
for all derivatives of ψ as
∂k → ∂k − iǫZk
where, Zk ’s represent the zitterbewegung field and are 2 × 2 matrices, all being hermitian.
Now, invariance requires the following
M[∂k − iǫZ
′
k]ψ
′
= ∂k − iǫZkψ (14)
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Thus, using relations (13) and (14) one can easily deduce the following isomoment gauge
transformation on Zk
Z′k = M
−1Zk M +
1
ǫ
M−1
∂M
∂xk
(15)
So, considering an isomoment space in the I-region we have the gauge transformation (15).
It is almost similar as that of the electromagnetic and the isospin case, except for the fact
that the latin indices run from 1 to 3. This was remarked upon in our previous paper,
that, the time derivative doesn’t come into play in the dynamics of the I-region. Only, an
infinitesimal time plays the role and exists as a factor in the matrices ζk .
Now, in order to obtain gauge invariant field strengths in the electromagnetic case, we
define the field tensor as
Θi j =
∂Zi
∂x j
−
∂Z j
∂xi
+ iǫ(Zi Z j − Z j Zi) (16)
It is obvious from the above equation that the following transformation holds
Θ′i j = M
−1Θi j M
subject to an isomoment gauge transformation. Without any loss of generality, we can
assume that all the fields interacting with the same Z-field in question, so that the con-
servation of isomoment is sufficient. Now, in the preceding section we had seen that the
new potential consists of the azimuthal quantum number. Therefore keeping that in mind,
in analogy with the Yang-Mills approach we consider that the matrix M−1 ∂M
∂xk
in equation
(15) is a linear combination of the isomoment orbital angular momentum matrices, say Ni
corresponding to the isomoment of the ψ field in question. Thus, Zk must also be express-
ible as a linear combination of the Ni’s. So, we have
Zk = σtZk.N (17)
where, σt is the randomness parameter in equation (8), that we had obtained in our previ-
ous paper. This parameter is non-zero in the I-region and epitomizes it accordingly. As we
had argued previously, outside the I-region this parameter tends to zero and we get back
the usual equations and physical phenomena where the randomness is averaged out. Thus,
in the I-region, to obtain the interaction of any arbitrary ψ field and the Z field one has
the gradient of ψ modified as
(∂k − iǫσtzk.N)ψ
Consequently, the field tensor is given as
Θi j = σtθij.N
5
where,
θi j =
∂zi
∂x j
−
∂zj
∂xi
− ǫσtzi × zi
As expected, θi j will transform like a vector subject to the isomoment gauge transforma-
tion. Now, considering only infinitesimal isomoment gauge transformations of the form
M = 1 − iN.δα
we have using (15) the transformation of zk as
zk
′
= zk + σtzk × δα +
1
σtǫ
∂
∂xk
δα
It is interesting to note that taking such infinitesimal isomoment gauge transformations
into consideration we will find in the next section an additional condition that needs to be
satisfied.
4 The field equations and gauge condition for infinites-
imal transformations
Now, in this section, we shall delve into finding the field equations corresponding to the
new field that we have proposed. As an inception, considering the Lagrangian density
−
1
4
θij.θij
we have the Lagrangian density given as [11]
L = −
1
4
θij.θij − ψ¯Γk(∂k − iσtǫη.zk)ψ − mψ¯ψ (18)
corresponding to the zitterbewegung field. Here, η corresponds to the matrices Ni and we
have considered ~ = c = 1. So, from this Lagrangian we obtain the following equations
∂θij
∂xk
+ 2σtǫ(zk × θij) + Jk = 0 (19)
and
Γk(∂k − iσtǫη.zk)ψ + mψ = 0 (20)
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where, Jk = iǫψ¯Γkηψ. As we mentioned earlier, the ξk ’s and consequently the Γk ’s don’t
depend on the xk ’s explicitly. Therefore, it is obvious that we get a non-vanishing diver-
gence for Jk given as
∂kJk = −2σtǫzk × Jk (21)
Thus, if we define
Jk = Jk + σtǫzk × θij
then we would derive the current conservation as follows
∂kJk = 0 (22)
where, the Jk ’s represent the isomoment current density. In a similar manner, for the an-
tiparticle case with the Γ′
k
’s we will have
∂kJ
′
k = 0 (23)
with Jk = J
′
k
+ σtǫzk × θij and Jk = iǫψ¯Γ
′
k
ηψ. Thus, considering both the particles and
antiparticles we will have
∂kJk = 0 (24)
where, J′
k
= Jk + J
′
k
. Now, as we can see, equation (21) shows that the total value of the
isomoment current is constituted by the field of Jk, the zk field and the randomness of the
I-region represented by the parameter σt. As it is done, the equations of motion (19) and
(20) require an additional condition given by
∂kzk = 0 (25)
which eliminates the scalar part of the zk-field. However, it is known that [11], this further
requires another condition to be satisfied for the feasible isomoment gauge transformations
M = 1 − iN.δα, which is given by
zk ×
∂
∂xk
δα +
1
σtǫ
∂2
∂x2
k
δα = 0
Now, multiplying both sides by
σ3
t
2
and then adding 1
ǫ
∂
∂x0
δα on both sides we have
σ3t
2
zk ×
∂
∂xk
δα +
1
ǫ
∂
∂x0
δα +
1
ǫ
σ2t
2
∂2
∂x2
k
δα =
1
ǫ
∂
∂x0
δα
Now, considering the transformation
∂0 → ∂0 +
σ2t
2
∂2
∂x2
k
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to have an inverse transformation, we derive
σ3t
2
zk ×
∂
∂xk
δα +
1
ǫ
∂
∂x0
δα =
1
ǫ
∂
∂x0
δα
which gives
σ3t
2
zk ×
∂
∂xk
δα = 0
From this one yields the supplementary condition as
∂
∂xk
δα = 0 (26)
since, in the I-region σt is nonzero. Therefore, subject to the infinitesimal transformation
M = 1 − iN.δα, the supplementary condition (26) has to be satisfied. This is slightly in
contradistinction to the isotopic spin case, obviously, on account of the transformation law
for the I- region that was introduced in our previous paper [5].
It must be pointed out that the I-region can be further investigated and it will be done in
latter papers, particularly regarding the quantization and other relevant characteristics of
the field.
5 Discussions
1) In the context of the particle-antiparticle equations coming inherently in the I-region let
us consider a topological approach. Suppose, we have a point m = 0 which we define as the
branch point. Here, at this point the mass (m) of the particles and antiparticles is zero and
they coexist, being indistinguishable. As we had found in our previous paper, this point is
where they are at rest.
It is from this branch point, m = 0, two sheets emerge representing the particles and an-
tiparticles distinctly. These sheets are called the Riemannian sheets [12] Essentially, the
two sheets characterize them corresponding to the Gamma matrices given in (4) and (5)
Γk = γk + γ0ζk
and
Γ′k = γk − γ0ζk
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Thus, when the particles start moving from rest, then due to the breaking of space symme-
try they acquire mass and are represented by the two Riemannian sheets in the manifold
of the I-region, below the Compton scale.
2) So, in this paper we have extended the theory that had been developed in a related
paper. We have innovated the concept of an isomoment and thereby we have found it’s
current conservation. We have also derived the field equations apposite to the field that
arises in the I-region, and, the necessary gauge conditions.
The authors would like to point out that the I-region and the zitterbewegung field will be
further investigated in their future research on this topic.
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